ST402 Principles and Methods MT2006/2007 Exercise 5: Solutions

1.

4.

(i) b= %Z?:l by = %Z?:ﬂaai +B) = O‘% Z?:1 a;+ 0 =aa+ 0. Z?:1(bi - 5)2 = Z?:l(aai +
B—aa—PB)?=a?>  (a; —a).
(i

i) X (ai =) (bi—d) = 321 (@ —a+a—c)(bi —b+b—d) = 31 (ai —a)(bi — b) + {321 (@ —
a)}(b—d)+ (@a—c) > y[(bi — b) + (@ — ¢)(b— d)]. The first equation follows from the fact that
S (ai—a) = 0and Y (b; —b) = 0. The second equation follows from the first equation

immediately by letting ¢ = d = 0.

(i) From the course work, we know that X ~ N(u1,20?) and ¥ ~ N(p2, 20?). Since X and Y
are independent, X — Y ~ N(u1 — po, (£ 4+ L)o?).

s -2 2 2 -2 2 2 2 2

(ii) We know that 0=*(n—1)s3 ~ x*(n—1) and 0~*(m—1)s; ~ x*(m—1). Note that s; and s; are
also independent. From the reproductive property of x? distribution, we have o =2T ~ x2(n+m—2).
(iil) Note that

X-Y [nmn+m—2) (X =Y)/\/o?(5 + )

VT m+n B Vo 2 T/(n+m—2)

On the right hand side of the above expression, the numerator is a standard normal random variable,

Z

and the denominator is a square root of y2-distributed random variable divided by its degrees of
freedom, and the two parts are independent. Hence Z has t-distribution with (n 4+ m — 2) degrees

of freedom.

For outcome (i), the likelihood is

_ Na Ny No =1 Ny — 1Ny —2
S 10099 98 97 96
Note the probability of outcome (ii) is the same as the probability of outcome (i). Therefore L(N,)

L(Na) O(Na(Na_1)(Na_2)(100_Na)(99_Na)'

defined above is also the likelihood with outcome (ii).

The probability for the event of 3 A’s and 2 B’s with unknown ordering is
(503
3 2
( 100 )
5

which is different, as a probability, from those for outcomes (i) and (ii). However the likelihood

o No(Ny — 1) (N, —2)(100 — N,)(99 — N,),

with this ‘combined’ outcome is still in principle the same as likelihood based outcome (i) or (ii).
According to the likelihood principle, the inference for N, based all three outcomes should be the

same.

(a) The joint probability function of the observations is

n Yi
H {ey\ } = e ML Y x L
! [Ty:!

i=1 Yi:

So we have a factorisation of the joint probability function into

9 (Z yii A) = e LY

and h(y) = Hlyi!. It follows that > Y; is a sufficient statistic for A using the factorisation

criterion.

November 8, 2006 28 ©M.Knott 2006



ST402 Principles and Methods MT2006/2007 Exercise 5: Solutions

(b) the joint density function is

H[ 1 ey?/@cﬂ)}:[ ! } o ¥ v2/(20%)
Vemo V2mo

i=1

Here we can take g (Z y2; 02) as the joint density and h(y) as identically 1. It follows by the
factorisation criterion that > ¥;? is a sufficient statistics for o2.

(¢) The probability function for the geometric distribution is f(y;;7) = (1—-7)7¥, y; =0,1,2,....
The joint probability function is

n

fly;m) = Hf(y“ﬂ') =(1 —W)"ﬂ—z Yi

i=1
So we can again take g (> y;) as the joint probability function and h(y) = 1. By the factori-
sation criterion Y Y; is a sufficient statistic for .

(d) We can write the density function
1
Frii) = g (01.00) (W) (=002 (4)

0 y¢&A,

The joint
1 yeA

where the indicator functions are defined so that for a set A, I4(y) = {

density function is therefore

s = [i5]|

n

I(Gl,w)(yi)] [HI(—W,92)(yi)]

1= =1

which simplifies to

1 " )
|:92 — 6‘1:| I(el’oo) (Inzln yi)l(—oo,éz)(mlax yz)

Once again we can take g(min; y;, max; y;; 61,62) as the joint density function, and h(y) = 1.

By the factorisation criterion, (min; Y;, max; Y;) is a sufficient statistic for (61, 62).
(e) the joint density function is

n

x(y) = H {6_(“_9)1(9,00)(%)} = 6"91(9,00)(1111111 yi)e .
=1

We can take g(min; y;;0) = €Iy o) (min; y;) and h(y) = e~ to show that min; Y; is a

sufficient statistic for 6.
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1. (a) The likelihood function is

0% o _ v o T |
Yj!e =0"e /1_[11/7
=

L(O;Y1,-- .Y =]
j=1

Hence, Y is sufficient for §. Further, FY = nEY; = n#, and Var(Y) = nVar(Y;) = nf. Since
E(eY) = {E(e™)}" = [exp{(e’ — 1)}]" = exp{nf(e! — 1)}, Y ~ Poisson(nd).

(b) 1() = Ylog# — nb. Let i(f) =Y/ —n =0, leading to § = Y/n.
(¢c) From (a), Z ~ Poisson((n —m)#). Therefore the likelihood now is

0Yi —m)f}?
Ylefe}Mefmfmw & L(0; Y3, Yy).
j.

LYoo Yo 2) = { ] i
p

Hence the MLE is the same as in (b).

(d) Since Z = Y41 + - - + Y, is a sufficient statistic for § with observations Y, 11, -, Yy, there is
no loss of information for knowing Z only as far as the estimation for 6 is concerned. So the MLE
based on Yi,---,Y,, and Z is the same as the MLE based on the whole sample Y7, --,Y,,.

2. The likelihood function can be written

r—1
1 . nr
L) =[] fla) = T P (—)\in) [H x] AT
i i=1
The log-likelihood is
[(A\) = constant — A Z x; +nrin ),

where the constant depends on the observations and on 7 but not on A. Let d%\l (\) =0, leading to
A =r/X. (Notice that the log-likelihood here is of the form in Question 1.)

3. The density function may be written

2
F30) = 25 10,00/ ) 0.0)W):

so the joint density for a sample of observations is

- 2" T v
HI(m,G)(yi)] = Tnl [

i=1

2 TT™ i |
f(y:0) = 71;[271 Y lH I(o,@(%)]
=1

HI(O,m)(yi)] I(—c0.0)(Y(n))s

i=1
where y(,,) is the largest observation. The likelihood is
L(0;y) = CO*"[(_co.0) (Y(m));

where the constant C' depends on the observations, but not on #. To make the log-likelihood large,
one must make 6 as close to zero as possible without taking it below y(,). The maximum likelihood
estimator of ¢ is therefore Y(,,), the largest observation.

4. The log-likelihood of one observation is

Hp;y) =y —p—2mn[l +exp(y — p)] .
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Differentiating with respect to u gives the score function

exp(y — p)

14—
1+ exp(y — p)

=—1+2F(y; p),

where F'(y; 1) is the distribution function for the logistic distribution

v exp(y — 1)
F(y; =/ flyswdy = ——————.
(w3 —o0 (w3 0 1 +exp(y — p)
Since by the probability integral transformation we know that F(Y’; 1) has a uniform distribution
on (0,1), it follows that

Var{—1+2F(Y;u)} = 4Var{F(Y;u)} = 4/12 =1/3,

and so the information in a sample of size n is Z(x) = n/3. The score function for the sample of

size n is
n

s(uy) = Z[—l + 2F (yi; ).

The iteration for the method of scoring is

firs1 = fir + [Z(00)] " (i y) = fir + BZ[—l + 2F (ys; fir)] /.
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1. The log-likelihood function is I(0) = =3, -, ,, log{1 + (X; — 0)2} —nlogm. Let [(#) = 0, leading
to the equation that the MLE must satisfy:

=0. (1)

Note

.0 o - (X -0
$(0) = —-s(0) = -2 TG AT

Jj=1

Hence the Newton-Raphson iteration is defined as
Ori1 =0 —5(0)/5(0),  k=1,2,---

Note that the score function s(#) is not monotone in 6. Hence (1) may have more than one solutions.
We should start the above Newton-Raphson iteration with a good initial value. Since the density
f(-,0) is symmetric around 6, it makes sense to consider either the sample mean or sample median
as an initial estimate. However E(X7) is not well-defined, so the sample mean may not be a good

estimator #. Thus we may use the sample median as the initial value for our algorithm.

2. Note that P(u; < X; < v;) = e — e and fx, (zlu; < X; < vj) = de @ /{e ™ — e7A
Hence,
- 1 wujexp(—Auj) — vjexp(—Avy)
X;00) = E(X;1X; € [uj,v;]) = ~ + o B— :
i A1 € [y v]) Zt exp(—Au;) — exp(—Av;)

The log-likelihood function based on the full sample is

100) = 1(6; X1, , Xn) =nlogh =AY X,
j=1
which yields the MLE based on full sample é(Xl, X)) =n/ Elgjgn X;.
Now the E-step is

Q(\) = Ex {1(0) |Y; € [uj,v;] form < j <n}=nlogh—A> Xi—=A Y X;(X),
i=1 j=m+1

and the M-step is simply

n

M=/ X+ D0 X))

Jj=m+1
The EM-algorithm iterates E-step and M-step with, for example, initial value \g = m/(X; +--- +
Xm)-

3. (a) Note I(p) = Xlogp + (n — X)log(1 = p), s(p) = X/p— (n— X)/(1 - p), and $(p) = —X/p* —
(n — X)/(1 —p)2. Hence the Fisher information is

I(p) = —Ep{3(p)} = n/p+n/(1 = p) = n/{p(1 - p)}.
The C-R lower bound for the variance of unbiased estimator of (= p?) is (%)Q/I(p) = 4p3(1—p)/n.

(b) Note L(p) = [[/—;p*(1 —p)'~*i. This yields p = X/n, where X = >>"_ | X;. Hence
0= () = X2/n.
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(c) Note
By (X)) =3 B,(X2)+ Y By(XiX) = nEy(X]) + (n” — n)Ey(X1.Xa) = np + (n” —n)p’,
i=1 1<i£j<n
Hence E,(f) = p* + p(1 — p)/n # p?, i.e 6 is a biased estimator for § with bias p(1 — p)/n.

(d) We draw bootstrap sample X7, -, X from Bernoulli distribution with probability p. Define
the bootstrap estimator §* = (X + --- + X)2/n%. The bootstrap estimator for the bias of 6 is
Bias™ = Eﬁ(é*) — 6. In practice, Eﬁ(é*) may be estimated via repeated bootstrap samplings.

Note. For this simple example, the bias estimator admits a simple analytic formula Bias* = p(1 — p)/n,

which is the simple plug-in estimator.

4. Since both Null and Alternative Hypotheses are completely specified, by the Neyman-Pearson

Lemma, with a sample x = (z1, 2, ...,,), the most powerful test will reject Hy for large values
of
LR = {x050)
Ix(x;01)
Now,

waay P [ Ll 7 /6]

W exp [—5 2o, x7/61]

LR =

which reduces to
(a7 \" 1 Zn 2
LR = ( 91/92) exp l_i i:1$i/(1/92—1/91)

Obviously, this rejects Hy for small values of
1 n
52 wi/(1/02=1/61).
i=1

So, if 1 > 02, the most powerful test rejects Hy for small values of > z2. If, on the other hand,
61 < 63, the most powerful test rejects Hy for large values of > 22.

The critical value depends on the distribution under Hy. For n = 10, T = Y X2 ~ x3%, under
Hy:0 =0, =1. To test against Hy : § = 0> = 2, we reject Hy iff
T > x3.o = 18.30 for o = 0.05,

where X%,a is the upper 100a% point of the x? distribution with n degrees-of-freedom. The power
is
P{T > 18.30| = 2} = P{T/2 > 9.15} = P{x3}, > 9.15} = 0.518.

5. Let 02 > 0. For simple hypotheses Hy : 02 = 02 against Hy : 0 = 0%, the MPT is defined in

terms of the likelihood ratio statistic

oy " exp{—5tzr >, X7} 11 1
— - = (o0/o1)"exp =(— — =) > X7 ¢.
PR e) AT DD

Therefore LR> K is equivalent to Y, X? > Ki. Let

n 1 n
P> {ZXf > Kl} =P, {U—(%ZXf > Kl/ag} = a,
i=1

=1

LR =
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Hence K71 = U(Q)X%,m where X%,a is the upper a-point of y2-distribution with n degrees of freedom.
Note this test does not depend on %, and is therefore the MPT for any 0? > o¢2. On the other

hand, for any 02 < o3,

n n n
1 o3 1
S N I £ PR ICN ST RS S
=1 1=1

i=1

Hence it is the desired UMPT.
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1. The joint density of the two samples is

FO& Y, i) = py " exp(= > wi/pa) py " exp(= > i/ o).

The (unconstrained) MLEs are ji; = X and fi; = Y. Under Hy : u; = pp = p, the constrained
MLE is it = (X +Y)/2. Hence

XY g, de) (X Y222 TS —
MLR = XY ) Xnyn =27/ X/Y + /Y /X}*".

2InMLR = 4nln(y/X /Y +/Y/X) —4nIn2 ~ x7

approximately. We reject Hy if 2In M LR > X7 ,, where x3 , denotes the upper 100a% quantile of

Under Hy,

the x? distribution.
2. Fori=1,2,3 and 4, X; ~ Bin(p;,200). We need to test
Ho:p1 =p2=p3=ps against H; : p,s are not all the same.

The likelihood function is
4

200!
L T (1 — i 200—%'
(P1,P2,P3, 1) = n 1200 — 2V (1—pi)
Unconstrained MLEs are p; = x;/200, 1 < i < 4. Under Hy, the constrained MLE for common p is
p=31, 2/(4 x 200). Hence

 L(p1,pop3pa)  TTig PYF(1 — )20
pp)  primi(l— p)SO0-Xiw’

4
2InMLR = {a;Inp; + (200 — 2;)In(1 — pi)} — Y @i Inp+ (800 — > ;) In(1 - p),

i=1
which is approximately x3 under Hy. (To see the degree of freedom, let p; = p1 + §; for i = 2,3, 4.
Then the null hypothesis is Hy : 1 = d2 = d3 = 0.) We reject Hp if 2In M LR > x%_’a, where X%,a
is the upper 100a% quantile of x3 distribution.

For the given data, 2In MLR = 153.96 > x3 ¢ 5 = 7.815. Hence we reject Hy and conclude that

there exists significant difference among the four areas.

3. Note 312 (Xi — X)?/02 ~ x3. Leaving out 5% at both ends of the distribution, we have
10
0.9 = P{3.325<) (X;—X)*/o® <16.92}
i=1
10 10
= P{)_(Xi—X)?/16.92 < 0® < > (X; — X)?/3.325},

i=1 i=1
namely, a; = 16.92 and ay = 3.325.
Similarly since Zgl(Xi —p)?/o? ~ x3,, we have

10
P{3.94 <) (X; - X)*/o® < 18.31}

i=1

P{Z 1)?/18.31 < 0 < Z 1)?/3.94},

0.9
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namely, b; = 18.31 and bs = 3.94.

The average lengths of the confidence intervals are

10
(a3 = ar DE{Y_(Xi = X)’} = (a3 —a7") x 90” = 2.180°,
i=1

10
(by ' = by NE{ (Xi = p)*} = (by' = by") x 1007 = 1.9907.
i=1

The second interval is shorter since it makes use of given mean pu.

4. The MLE for 6 is X(;), the sample maximum. It is easy to see that for = € [0, 1],
P{X(n/0 <2} =P{X;/0 <z forall 1 <i<n}=[P{X;/0<z}]" =2

Hence X(,)/0 is a pivot with probability f(z) = na""! for 0 < 2 < 1. To find a 100(1 — a)%

confidence interval for 6, we need to find a and b such that
P{a S X(n)/9 S b} =1-oq.

Obviously there are many choices for a and b here. However we prefer the interval which has the
shortest length. Therefore we look for an interval on which the probability density f(z) is as large
as possible. Hence we should let b = 1 and choose a according to «. This yields a = a'/™. The

resulting confidence interval for 6 is

[X(n)/b, X(n)/a] = [X(n), X(n)a_l/n].
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